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Discovering Fine-Grained Spatial Pattern From Taxi
Trips: Where Point Process Meets Matrix
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Abstract— As increasing volumes of urban data are being
available, new opportunities arise for data-driven analysis that
can lead to improvements in the lives of citizens through
evidence-based policies. In particular, taxi trip is an important
urban sensor that provides unprecedented insights into many
aspects of a city, from economic activity, human mobility to
land development. However, analyzing these data presents many
challenges, e.g., sparse data for fine-grained patterns, and the
regularity submerged by seemingly random data. Inspired by
above challenges, we focus on Pick-Up (PU)/Drop-Off (DO) points
from taxi trips, and propose a fine-grained approach to unveil a
set of low spatio-temporal patterns from the regularity-discovered
intensity. The proposed method is conceptually simple yet effi-
cient, by leveraging point process to handle sparsity of points,
and by decomposing point intensities into the low-rank regularity
and the factorized basis patterns, our approach enables domain
experts to discover patterns that are previously unattainable for
them, from a case study motivated by traffic engineers.

Index Terms— Spatio-temporal pattern, fine-grained pattern,
low-rank regularity, matrix factorization, taxis trip, point
process.
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I. INTRODUCTION

For the first time in history, more than half of the population
is living in urban areas. Meanwhile, keeping public services
of cities effective, efficient, and sustainable in a green way
is among the most emergent undertakings for human. In the
recent past, policy makers faced significant difficulties in
obtaining the data to sense the dynamics of a city and evaluate
polices in practice. As a contrast, data are now abundant with
the development of pervasive computing, meeting the vision of
a smart city in which sensors immediately perceive the current
status and further interact accordingly, see, e.g., [1], [21].
Therefore, the challenge is how to make sense of these data.

One particular yet important type of these data is taxi trip.
Taxi is a significant transportation in urban areas since it nearly
supplies with the flexible door-to-door service. Therefore,
a thorough understanding of taxi trip is an important way
to sense a city at different spatial scales, e.g., from a street
to a district. In Beijing, China, for instance, each day about
50,000 taxis carry over 0.4 million passengers. As plotted
in Fig. 2(a), the number of Pick-UPs (PUs)/Drop-Offs (DOs)
per day varies roughly from 1,500 to 10,000 per 15 minutes
in Beijing. There is an obvious regularity in Fig. 2(a) – the
plotted lines are very similar to that of each day. Spatially,
some points in Fig. 2(b) concentrate around Beijing Railway
Station (indicated by “�”); while at the morning peak/evening
one in Figs. 2(c)/(d), most points happen in several areas (indi-
cated by “�”, “�”, and “�”); interestingly, in Fig. 2(e), most
points still happen in centralized business district indicated
by “�”. A natural question is what spatial characteristics
can be uncovered from PUs and DOs. To unveil the spatio-
temporal patterns sensed by taxi trips, there are two main
challenges as follows:

1) Sparsity of PUs/DOs at a fine-grained scale: Usually,
only a small number of points happen in a fine-grained
spatio-temporal grid. Therefore, it is necessary to intro-
duce new statistical tool to deal with this problem.
2) The mixture of regularity and disparity: Regularity
represents the commonness observed from multiple time
slices; while, disparity represents the specificity of each
time slice. It is reasonable to assume that the complex
spatio-temporal point distribution consists of the regular-
ity and the disparity.
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Fig. 1. Decomposing the intensities of PUs from 3:00 a.m. to 3:15 a.m. into a regularity intensity and a disparity one, which is further factorized into four
weighted spatial basis patterns. the regularity intensity indicates that some areas are always very active (i.e., the intercity bus station indicated by “�”), while
the point intensities do not visually indicate this. moreover, at this time slice, the most active area in p10, with a weight 0.88, is the intersection of a highway
to the airport and a highway to the downtown (best viewed in pdf).

Fig. 2. The spatio-temporal distribution of PUs/DOs in Beijing, China. the spatial distribution of PUs in the north-east area of Beijing is illustrated from
(b) to (e) (best viewed in color). (a) Number of points varies from Aug., 15, 2016 to Aug., 21, 2016. (b) From 3:30 a.m. to 3:15 a.m. (c) From 8:00 a.m. to
8:15 a.m. (d) From 5:00 p.m. to 5:15 p.m. (e) From 10:00 p.m. to 10:15 p.m.

Therefore, it is natural to ask how to unveil the mixed
patterns from these seemingly random points without suffer-
ing the sparsity problem. There are several potential bene-
fits behind this motivation: fine-grained patterns at a small
spatio-temporal scale, interesting patterns from the regularity,
and unexpected patterns from the disparity. Principally, fine-
grained analysis requires to divide the spatio-temporal volume
into a small grids, aggravating the sparsity problem; however,
the frequently used method barely handle the sparsity problem,
e.g., discretized counts [18].

In this paper, we combine point process intensities with
matrix decomposition and factorization to unveil these hidden
patterns at a fine-grained granularity. First, an enormous vol-
ume of literature avoid the sparsity problem by empirically
defining a proper spatio-temporal grid, there is little work
to estimate the number of points for any location. Second,
it is a reasonable idea to decompose the distribution of
points into the regularity and the disparity; this is significant
departure from the previous approaches: clustering directly on
PUs/DOs [7], [18]. Third, the disparity is further factorized
into a set of basis patterns, which facilitate to understand
the relationship among different time slices. In summary,
we desire a method to decompose the regularity and the
disparity from the estimated point intensities.

Point Process Intensities (PPIs) [8] refer to the techniques of
estimating intensities of unobserved locations from the spatial

correlations of the observed ones. The technique has been used
in neuroscience [9], finance [2] and forestry [14]. The “Point
intensities” in Fig. 1 shows a simple example, explaining the
ability of PPI: fitting an intensity for the location which has
not observed an point. Therefore, the sparsity of PUs/DOs are
naturally handled with the help of PPI.

After obtaining the location-wise intensities from PPI,
the key question is therefore how to decompose the regularity
and the disparity from the seemingly random intensities. One
important assumption adopted here is that the regularity is
composed from multiple simpler ones. Therefore, the point
intensities from multiple time slices are decomposed into the
nonnegative low-rank term [29] and the nonnegative spare
residual one [12]. The rank indicates the number of patterns
shared among different time slices; while the sparse residual
represents the special spatio-temporal characteristics of each
time slice.

Based on the proceeding steps, the main contributions of
this paper are summarized as follows:

1) To the best of our knowledge, this paper is the first
to investigate PPI for the fine-grained analysis. This
technique can be considered as a potential tool for other
point-related traffic problems, e.g., point data from cell
phones [37].

2) By aiming to unveil the regularity of PUs/DOs from
taxi trips, to our best knowledge, we first decompose
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point intensities into the low-rank commonness and the
sparse disparity, presenting a comprehensive series of
experiments to illustrate the benefits of this technique.
We find that low-rank is efficient to characterise this
regularity.

3) By factorizing the sparse disparity into basis patterns,
we could understand the correlations among different
time slices. We find that these basis patterns significantly
uncover the spatial activities of human; meanwhile,
the weights of these patterns facilitate the comparisons
between different time slices. Consequently, the dis-
parity is presented in a comparable approach to better
understand traffic problems.

II. RELATED WORK

Motivated by different applications, researchers utilize taxi
trips in diverse approaches. Technically, these literatures can
be categorized into two categories: 1) point mapping which
mainly unveils information from the distribution of PUs/DOs;
and 2) moment mapping which concerns mobile patterns from
the paired PU-DO data.

A. Point Mapping

Point mapping from taxi trips could be used for:
1) rebuilding road map [6]; 2) analyzing traffic hot spots [13],
[22], [31], [34]; 3) detecting flawed urban planing [41];
4) recommending routes for avoiding traffic jams [7], [11],
[32], [39]; 5) suggesting a driving strategy for taxi drivers to
find more passengers [18], [20]. In summary, point mapping
focuses on spatial patterns from the distributions of PUs/DOs.
An intuitive yet consensual solution is directly clustering on
the frequencies of PUs/DOs. For instance, Pan et al. [31]
utilized DBSCAN clustering to find hot spots from one year
PUs/DOs. Ding et al. [11] used a hierarchical agglomerative
clustering method to discover hot spots in Shanghai. Moreover,
these works need an important precondition: enough points are
accumulated to discover patterns at a coarse granularity, e.g.,
points from one year were used to identify hot spots [11].

B. Moment Mapping

The second category uncovers intra-urban human mobility
patterns for visual exploration. For instance, Ding [10] et al.
investigated different mobility patterns of taxi drivers at
two income levels and analyzed their distinct behaviors.
Yuan et al. [40] et al. systematically investigated spatial tra-
jectories from a wide spectrum of perspectives and disciplines.
Wood [38] et al. proposed a visual analytic method for
exploration of movement data at both an aggregated and an
individual level. Stolte [35] et al. used both PU/DO positions
and attributes associated with the movement.

C. Summarization

Here we just give a briefly review of the most related work.
This paper belongs to the point mapping. Generally speaking,
for the point mapping, the most severe problem of clustering

TABLE I

AVERAGED STATISTICS OF PUS/DOS EVERY 15 MIN

on the frequencies of PUs/DOs is the dilemma between fine-
grained analysis and the limited number of points: a fine-
grained pattern occurs at a small scale; meanwhile, a small
scale statistically consumes a large amount of points [3].

III. TAXI GLOBAL POSITIONING SATELLITE TRIPS

The taxi GPS trip data set used in this paper comes
from the Beijing Transportation Information Center.1 Beijing
is one of the largest cities in China. The taxi GPS trips
were generated over of a week (from Aug., 15, 2016 to
Aug., 21, 2016). Approximated 53,000 taxis with GPS devices
were used to build this data set. The area in the Fifth Ring
Road, i.e., the longitudes from 116.213469 to 116.559137 and
the latitudes from 39.763576 to 40.031272, is considered as
the spatial boundary with about 880.81 square kilometers,
since most of urban activities have taken placed in this area.
There are some error GPS data due to the blocked signal
transmission by high buildings or overpasses. We removed
these error GPS data, if the number of digits after the
point is less than 6. Transition of the meter reflects that
passengers are picked up or set down. Therefore, the PU/DO
locations are identified from these transition data. This leads
to 4,011,302 PU points and 3,967,140 DO ones within the
Fifth Ring Road.

To better understand the statistics of PUs/DOs, we par-
tition the whole city into small spatio-temporal grids, i.e.,
the 1 squared kilometer and the 15 min. interval. Therefore,
we obtain 4 × 24 × 7 = 672 time slices. As illustrated
in Table I, the PU/DO points are very sparse for each time
slice, e.g., averaged 6.7 for each square kilometer. Besides,
averaged minimal number of points are far smaller than that
of the maximal one, e.g., from 561 to 11,971. It indicates
that the distributions of these points from different time slices
are very dissimilar. The values of the standard deviations also
consistently verify this characteristic.

IV. DECOMPOSE POINT INTENSITIES INTO LOW-RANK

REGULARITY AND FACTORIZED DISPARITY

This paper aims at proposing an approach which is expected
to be a general tool for point data from the transportation-
related problem. Therefore, from the viewpoint of algorithms,
we use PUs/DOs from taxi trips as a case study.

A. Problem Statement

Problem 1 (Intensity = Regularity + Disparity): Given a
series of point intensities λt ∈ R

N×M , (t = 1, . . . , T ),
sampled from a N×M grids at the t-th time slice, the problem

1This data is released publicly for any non-commercial research. For any
interested one, please contact the corresponding authors.
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TABLE II

SOME IMPORTANT NOTATIONS IN THIS PAPER

is how to decompose the intensities λt into the regularity
B(B ∈ R

N×M ) and the disparity H (H ∈ R
N×M ), which

is further factorized into a sum of basis patterns pk, (pk ∈
R

N×M , k = 1, . . . , K ) as follows:

λt = B + H

= B +
K∑

k=1

ckpk , (1)

where ck (ck ∈ R
+) are the nonnegative coefficients.

The decomposition scheme in (1) is general to model the co-
occurrence of the regularity and the disparity. More specially,
pk serve as the time-aware spatial patterns which indicate the
active regions of human; coefficients ck reflect correlations
among different time slices. However, solving (1) is a non-
trivial task.

In this paper, we ties together three ideas, Log-Gaussian
Cox point Process (LGCP), Nonnegative Low-rank and Sparse
Decomposition (NLSD), and Nonnegative Matrix Factoriza-
tion (NMF) [17], to extract spatial patterns in (1). The proce-
dure is as follows:

1. Fit an intensity surface λt for the time slice t over a city
by LGCP;

2. Model the low-rank regularity and the sparse disparity
from the matrix � = [λ1, . . . , λT ]�, where the intensities
λt ∈ R

N ·M×1 are the reshaped vector from λt ∈ R
N×M .

3. Factorize basis patterns pk and the coefficients ck with
the loss function, λt − B ≈∑K

k=1 ckpk .
Some important notations are summarized in Table II.

B. Handling Sparsity by Log-Gaussian Cox Process

The intensity of point generating process is assumed to vary
smoothly over the spatial region. A popular model for such
data is the inhomogeneous Poisson Process with a Gaussian
Process. Given a set of spatial locations, {xi }Ni=1, where each
xi could been any points within a designated spatial region
A ⊂ R

2, which is presumed to have been partitioned into
disjoint regions, i.e., A = A1 ∪ Ai , i = 1, . . . , V . Formally,
a Cox process is defined via a stochastic intensity function
λ(x) : A → R

+. Thus, the number of points N(Ai ) in a
subregion Ai is Poisson distribution as follows:

N(Ai ) ∼ Poisson

(∫

Ai

λ(x)dx
)

, (2)

where dx indicates integration with respect to Lebesgue mea-
sure over the region. Moreover, “memoryless” assumes that

Fig. 3. The interpretation ability of LGCP for the time slice
9:00 a.m.-9:15 a.m.3 (best view in pdf). (a) Discretized counts. (b) LGCP.

N(Ai ) is independent of N(A j ) for disjoint regions Ai and A j .
This independence is due to the completely independent nature
of points in a Poisson process [16].

If we restrict our consideration on a region Ai , the probabil-
ity density of a set of N points fall into this region, conditioned
on the intensity function λ(x) is:

p(x1, xN |λ(xi )) ∼ exp

{
−

∫

Ai

λ(x)dx
} N∏

n=1

λ(xn). (3)

Note that each intensity function λ(xi ) can be scaled by some
non-negative factor and remains a valid intensity function.
To model the intensity function λ(xi ), a hierarchal model [30]
is adopted as follows:

z ∼ G P (0, K ) (4)

λ(x) ∼ exp (z) (5)

where both prior z and intensity λ(x) are two stochastic
values, and G P(0, K ) is Gaussian Process [33] model with
zero mean and covariance matrix K calculated by a kernel
function K (xi , x j ). The advantage of Gaussian Process (4)
empower LGCP to estimate the intensity for a given GPS
location. Therefore, LGCP enable our method to obtain fine-
grained spatial patterns. Fig. 3 shows that LGCP produces
more smooth point intensities than discretized counts.

The K (xi , x j ), in this paper, is selected as Matérn covari-
ance function2 with ν = 3/2 as follows:

K3/2(xi , x j ) = σ 2
(

1+√3
d

ρ

)
exp

(
−√3

d

ρ

)
. (6)

Rather than the exponential covariance kernel, k(xi , x j ) =
σ 2 exp

(− 1
2  xi − x j 

)
, Matérn with ν=3/2 isotropically

measures the distance between two points.
Though we have formulated a continuous model for the

conceptual simplicity, we discretize the whole city into N×M
grids to gain computational tractability. We fit an intensity

surface λt ∈ R
N×M and obtain the matrix � = [

λ1, . . . , λT
]�

.

C. Decomposing Regularity by Nonnegative Low-Rank and
Sparse Decomposition

To adaptively model the regularity, we decompose the
intensity matrix � (� ∈ R

T×N ·M ) into the low-rank regularity

2d = 2 × R × arcsin
√

sin2(
ϕ2−ϕ1

2 )+ cos(ϕ2)× cos(ϕ1)× sin2(
φ2−φ1

2 )
where φ is longitude, ϕ is latitude, and R is the radius of the earth. In this
paper, R is set to be 6378.137 kilometers.

3To obtain the high-quality vector graphics, we plotted Fig. 3 with Matlab.
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B (B ∈ R
T×N ·M ) and the sparse disparity H (H ∈ R

T×N ·M )
as follows:

min
B≥0,H≥0

B∗ + γ H1
s.t.: � = B+H, (7)

where  · ∗ is the nuclear norm of a matrix defined by the
sum of all singular values;  · 1 is the well-known 	1 norm
defined by the component-wise sum of absolute values of all
entries; γ > 0 is a constant providing a trade-off between the
sparse and low-rank components.

The nonnegative constraints, B ≥ 0, and H ≥ 0, guarantee
both the decomposed matrices still to be point intensities.
A matrix with rank K indicates that this matrix is spanned
by a subspace with K basises. That is, there are K regularity
patterns in the matrix B. We term (7) as Nonnegative Low-rank
and Sparse Decomposition (NLSD). However, the nonnegative
constraints make (7) be complex.

The optimization of (7) can be achieved with augmented
Lagrangian methods [4] by introducing auxiliary variables
Q = B,

L (Q, B, H) = Q∗ + γ H1 + trace
(

Y� (�− B−H)
)

+ρ

2
�− B−H2F + trace

(
Z�(Q− B)

)

+ρ

2
Q− B2F ,

where ρ ≥ 0 is called the penalty parameter,  · F denotes
the Frobenius norm, and the matrices Y and Z are the dual
variables associated with the constraints, � = B + H, and
Q = B.

Solving for Q: when other variables are fixed, the sub-
problem w.r.t. Q is:

min Q∗ + ρ

2
Q− B+ Z/ρ2F , (8)

which can be solved by the Singular Value Threshold
method [5]. More specially, let U�V� be the SVD form of
(B− Z/ρ), the solution to (8) is as follows:

Q = US1/ρ(�)V�, (9)

where Sα(X) = max(X−α, 0)+min(X+α, 0) is the shrinkage
operator [4].

Solving for H: The sub-problem w.r.t. H can be simplified
as:

H1 + ρ

2γ
H− B−�− Y/ρ2F , (10)

which has a closed from solution, H = Sγ /ρ (B+�+ Y/ρ).
Solving for B: with other variables being fixed, we updated

B by solving

B = arg min
B≥0

1

2

∥∥∥∥B− 1

4
(�+H+Q+ Y/ρ + Z/ρ)

∥∥∥∥
2

F
,

which can be solved in a closed form solution,

B = P+
(

1

4
(�+H+Q+ Y/ρ + Z/ρ)

)
, (11)

where P+(X) = max(X, 0) projects the elements of a matrix
X into nonnegative subspace. Since the objective (7) is convex

subject to nonnegative constraints, and all of its subprob-
lems can be solved exactly based on the existing theoretical
results [28], NLSD converges to global optima.

D. Factorizing Disparity by Nonnegative Matrix
Factorization

To compare the basis patterns and the possible correlations
among different time slices, NMF is proposed to factorize the
disparity matrix into different basis patterns as follows:

H = C�P, (12)

where P = [p1, . . . , pk]� (P ∈ R
K×N ·M ) is the basis

pattern matrix, and matrix C (C ∈ R
T×K ) is the nonnegative

weight matrix. Note that NMF is a special case of tensor
factorization to discover latent patterns in different application
scenarios [24]–[27]. Each vector of H can be reconstructed
from the weight and the basis patterns as follows:

hi =
K∑

k=1

cik ∗ pk . (13)

This naturally results in K spatial basis patterns pk (pk ∈
R

1×N ·M ) and the weights for each pattern cik . Due to the
superposition property of Poisson Process [16] and the non-
negativity of the basis and the coefficients, the basis patterns
can be interpreted as archetypal intensities used to describe
disparity for each time slice.

In this paper, we solve the optimal matrices C and P by
the squared Frobenius norm, C, P = arg minC≥0,P≥0 H −
C�P2F . Due to the nonnegativity, the basis pk tends to be
spatially disjoint, exhibiting a more “parts-based” decomposi-
tion than clustering approach. Because the restrictive of non-
negative factorization disallows negative values to cancel out
positive ones. Consequently, this restriction in practice leaves
a sparser and often more interpretable basis patterns [17]. It is
also noted that NMF tends to generate partially overlapped
patterns. In terms of efficiency, NMF can be efficiently opti-
mized by the fast method [19] with about 4 times empirically
faster than the traditional approach [17].

The proposed approach is totally different from Probabilistic
Tensor Factorization (PTF) [36] in motives and techniques:
1) PTF organizes the multi-dimension data into the interactive
and latent clusters, our method aims to discover both the
regularity and the disparity spatial patterns from point data.
2) PTF utilizes the tensor decomposition on the discretized
tensor, our method applies NMF on the sparse disparity.
Conceptually, NMF in our method can be replaced by PTF
in order to find more interactions among latent factors.

V. CASE STUDY

The experimental setup on the self-collected data set in
Section III is as follows: after the fitting of LGCP, we inter-
polated the area of the Fifth Ring Road in Beijing into the
200 × 200 grids. i.e., about 100 × 200 squared meters per
block. Therefore, the resulting � is a 672 × 40, 000 matrix.
The number of grids is empirically determined according to
the spatial resolution required from different scenarios, as dis-
cussed in [30]. 100× 200 in LGCP results in a 0.023 square
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Fig. 4. Visual comparison of different types of regularities decomposed by NMF for PUs. In (a), “�” indicates the location of an intercity bus station,
“�” represents the location of a railway station, “�” means the centralized business area, “�” represents the intersection of a highway and a road to downtown,
“♦” is the airport, and ✩ indicates a popular destination for shopping, dining and entertainment. (a) R p

1 . (b) R p
2 . (c) R p

3 . (d) R p
4 . (e) R p

5 . (f) R p
6 .

kilometers, which nearly correspond to a small community in
Beijing.

A. Results From the Low-Rank Regularity

In our experiments, the rank of B is automatically deter-
mined as 20. It means that there are 20 types of regularities
in a week. To better visualize these regularities, the solved B
was factorized by NMF as follows:

B = W�R,

where W (W ∈ R
672×20) is the nonnegative weight matrix,

and R (R ∈ R
20×40,000) is considered as the 20 types of

regularities. To identify the importance of these types of
regularities, the energy of the i -th type of regularity is defined
as follows:

energy(i) ∝
∑

j

w j i/Z , (14)

where Z is a normalization factor to guarantee that∑20
i=1 energy(i)=1. Fig. 6 illustrates that the distribution

of energies for both PUs and DOs. Therefore, in both
Figs. 4 and 5, we visualize these types of regularities whose
accumulated energies are larger than 0.9.

As unexpected, these types of regularities seemingly are
visually similar to each other in Fig. 4. Considering that
each pixel represents an area with 0.023 square kilometers,
if readers enlarge these figures, the shapes of these regularities
are indeed different to each other; besides, the local intensities
are also different, although the local shapes are similar to each
other. It means that the travelling requirement across different
time slices overall tend to follow the same pattern in Beijing.
Moreover, there are two different observations in Figs. 4 and 5:

1. The regions with the intensive PUs/DOs well correspond
to the physical-explainable spots. For instance, Figs. 4
and 5 perfectly correspond to the stations, airports, and
business areas. It is very useful to understand these
visually explainable results in practice.

2. Interestingly, compared with PUs in Fig. 4, the regu-
larities of DOs are visually more diverse than that of
PUs. For example, Rd

2 is far more dissimilar to Rd
1 than

Rd
3 . It indicates that the destination of travelling is time-

sensitive behaviors in Beijing.

To further understand these regularities, Fig. 7 illustrates
the temporal distribution of these regularities for both PUs
and DOs. More concretely, in Fig. 7, every point represents
one type of regularity from the time slices ∗:00−∗ :15, where
∗ ranges from 0 to 23. The j -th regularity is selected by the
winner-take-out principle as follows:

j ← max
j
{wi j }, j = 1, . . . , 20.

As expected, the temporal distribution of these regular-
ity illustrates the repeat patterns. More specially, for both
PUs and DOs, the patterns between the weekdays (from
Monday to Friday) and the weekends (Saturday and Sunday)
is nearly similar to each other. For the working days,
the transition of temporal patterns from PUs mainly fol-
lows “R p

1 �R p
2 �R p

5 �R p
1 �R p

2 �R p
1 ”, while the transition

of patterns for the weekends is relative simple, e.g.,
“R p

1 �R p
2 �R p

3 �R p
6 �R p

1 ”. The repetition of the decomposed
regularities indicates that the a city spatio-temporally follows
some hidden rules.

Therefore, our method supplies a new perspective to sense
a city in a fine-grained scale, where more application-oriented
algorithms can be readily performed on these regularities,
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Fig. 5. Visual comparison of different types of regularities decomposed by NMF for DOs. (a) Rd
1 . (b) Rd

2 . (c) Rd
3 . (d) Rd

4 . (e) Rd
5 . (f) Rd

6 .

Fig. 6. The distribution of energies for different types of regularities. (a) For
PUs. (b) For DOs.

such as, DBSCAN for land usage [31], k-means for passenger
hunter [18].

B. Results From the Factorized Disparity

1) Visualization of Basis Patterns: These regularity-
removed intensities can be considered as the “hot spots” in
a city. We graphically depict basis patterns pk for K=10 in
both Figs. 8 and 9. Considering the point-to-area mapping
and the local intensity difference, there is a wide diver-
sity among different basis patterns. For instance, although
pp

3 and pp
4 are seemingly similar, in fact, pp

3 represents
the intercity coach station (“Liuliqiao station”) which pp

4
means the railway station (“Beijing west railway station”).
It means that our method successfully discovers the spatially-
closed traffic hubs. That is, these basis patterns discov-
ered by our method correspond to the physical-explainable
spots.

Moreover, some basis patterns represent a single hot spot;
whereas others represent the co-occurred multiple hot spots
in Figs. 8 and 9. It is natural that a hot spot simultaneously
occurs in different types of disparities.

Fig. 7. Visualizing the temporal distribution of the different types of
regularities (best viewed in color). (a) PUs. (b) DOs.

Interestingly, these multiple hot spots in Figs. 8(e), and (h)
(or Figs. 9 (d), (f), and (i)) mean that both the orientations and
the destinations of trips occur simultaneously. These patterns
with the multiple simultaneously occurred hot spots means
that the activity is naturally for some special time slices, e.g.,
the evening peak.

2) Spatial Patterns Among Time Slices: The weights specif-
ically provide a concise characterization of these disparities
among different time slices. The weight cik can be interpreted
as the amount time slice i takes basis patterns pk . Table III
compares the normalized weights for a set of the representative
time slices. For example, the morning peak (8:00-8:15 a.m.),
and the evening peak (5:00-5:15 p.m.).
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Fig. 8. Visualization of 10 basis patterns discovered from the disparity of PUs. (a) pp
1 . (b) pp

2 . (c) pp
3 . (d) pp

4 . (e) pp
5 . (f) pp

6 . (g) pp
7 . (h) pp

8 . (i) pp
9 . (j) pp

10.

Fig. 9. Visualization of 10 basis patterns discovered from the disparity of DOs. (a) pd
1 . (b) pd

2 . (c) pd
3 . (d) pd

4 . (e) pd
5 . (f) pd

6 . (g) pd
7 . (h) pd

8 . (i) pd
9 . (j) pd

10.

From these weights of basis patterns, there are some inter-
esting observations:

1. These nonnegative weights of basis patterns are efficient
to understand the human activities in a time slice. For
instance, the slice 3:00-3:15 a.m. in Table. 8 is mainly
described by the pattern pp

10. It means that this area
is very activate, compared with the other time slices.
However, for this basis pattern pp

10 at the different time
slice (i.e., 10:00-10:15 pm), the corresponding weight
is zero. It means that this spatial pattern is not active.
As a contrast, pp

3 , pp
4 , and pp

8 receive the top-3 weights,
discovering that PUs were occurred from the railway
station (“Beijing West Railway Station”), the intercity bus
station (“Liuliqiao Coach Station”), and the scattered-dot
pattern across the north of the city. It is very consistent to
the common knowledge: (a) it is common for people to
occur at stations; and (b) the unbalanced travel require-
ment corresponds to the fact that the development of the
north of Beijing is better than that of the south one.

2. By comparing the weights of different time slices, a quan-
titative understanding of the difference among time slices

is possible. For example, if we want to analyze the
difference between the evening peak (5:00-5:15 p.m.) and
the nightlife time (10:00-10:15 p.m.), we can observe
two interesting phenomenons: (a) pp

3 is shared by two
time slices; it means that this spot is very active to
generate PUs (in fact, it is a railway station); and (b) the
most active pattern pp

8 from the nightlife time means
that nightlife mainly occurs in these areas; while pp

5
(the finance-related business at both “Jingrong Stree” area
and “Guomao” one) from the evening peak indicates that
people in a few spots were getting off duty at this time
interval.

C. Comparisons Between Factorizing on Discretized Counts

A naïve approach is applied the matrix Factorization method
on Discretized Counts (FDC). Concretely, the number of
PUs/DOs is firstly counted in every discretized spatial bin,
and then NMF is applied on the temporal-spatial matrix.
Compared with our approach, without point process, reg-
ularity and disparity decomposition, FDC just factorizes a
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TABLE III

VISUALIZATION OF NORMALIZED BASIS PATTERNS FOR THE SEVERAL REPRESENTATIVE TIME SLICES

Fig. 10. Visualization of 10 factorized patterns discovered from DOs by FDC. (a) p1. (b) p2. (c) p3. (d) p4. (e) p5. (f) p6. (g) p7. (h) p8. (i) p9. (j)p10.

raw temporal-spatial matrix into a set of low-dimensional
subspaces. Following this setting, a temporal-spatial matrix
�̂ ∈ R

672×40000( where an entry is the number of PUs/DOs)
is factorized by NMF as, minC≥0,P≥0 �̂−C�P2F . Note that
the scheme of FDC is a special case of the tensor factorization
approach [36].

Compared with basis patterns from the disparity of DOs
in Fig. 9, Fig. 10 illustrates that this scheme barely discovers
the physical-explainable patterns. It is impossible nearly all
areas in a city are hot spots in p1, p2, p6, and p7 from FDC
in Fig. 10, although p3, p5, p8 and p9 from FDC in Fig. 10
are very spatial sparse. As a contrast, Fig. 9 generates more
sparser hot spots than FDC. For instance, it is seemingly
strange that the hot spots from pd

10 in Fig. 9 dominate the
north of the city. This perfectly corresponds to the fact that
the development of the north of Beijing is better than that of
the south area, especially than that of the east-south corner.
Meanwhile, p2, p6, and p7 from FDC in Fig. 9 do not reflect

this fact. These comparisons indicate that it is necessary to
decompose the regularity and the disparity from the raw data.

D. An Application With Discovered Patterns

A practical application from the discovered patterns is how
to efficiently allocate law enforcers with the aim at inspecting
illegal behaviors (e.g., cheating on taximeters) in taxi services.
Intuitively, the limited number of law enforcers should be
allocated to these spots where passengers have been intensively
yet persistently dropped off or picked up. In terms of our
approach, persistency is measured by the frequency of the
occurrence of the regularities R∗ in the different time slices.
Figs. 4 and 5 indicate that R p

1 and Rd
1 temporally discover

the persistent patterns. While, intensity is measured by the
probability of DOs (PUs) visually depicted by the heat map.

Interestingly, except these well-understood spots (i.e., inter-
city bus stations, railway station, airports, and centralized-
business areas), some spots can be manually screened
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Fig. 11. An example of how to allocate law enforcers (best viewed in color).

TABLE IV

RUNNING TIME OF EACH COMPONENT IN OUR APPROACH

in Fig. 11. For instance, there are many information tech-
nology companies in the encircled spot (“Zhongguan Chun”)
with about 2 squared kilometers. Moreover, thanking for the
interpolation ability of LGCP, we can precisely recommend
the law enforcers a special location by finding a GPS position
with the maximum probability.

E. Efficiency

To give readers an intuition about the efficiency, we report
the empirical running time for each component. Our experi-
ments are conducted on a server (Windows) with Intel Core
CPU with 3.2 GHz and 32 GB main memory. The source code
was implemented with Matlab. The NMF was implemented
by multiplicative update approach [17]. In optimizing NMF,
the stop condition is that the squared Frobenius norm is less
than 1e−5. Note that how to fast optimize NMF is out of
this paper. Table. IV illustrates that the running time of each
component.

Although LGCP nearly costs the 68% computational cost,
LGCP can be efficiently optimized by the advanced method,
such as, the variational method [23] with a computational
complexity O(N) where N is the number of points. NLSD can
be efficiently optimized by accelerated gradient method [15]
with a convergence rate O(1/T 2), where T is the number
of iterations. In summary, this paper discusses a roadmap on
how to obtain fine-grained patterns from point data. Three key
components would be improved with more advanced methods,
e.g., [15], [19], [23].

VI. CONCLUSIONS

In this paper, we presented a new approach that decompose
the point intensities into the regularity and the disparity for
fine-grained analysis. A key component of this approach is
point intensity processes that handle sparse data to uncover
fine-grained spatial patterns. We have shown that this approach
uncovers interesting spatio-temporal patterns. Another impor-
tant contribution of this work is factorizing the nonnegative
sparse disparity into a set of comparable basis patterns.
Therefore, the differences among time slices are quantitatively

analyzed. We have present a series of experiments by a
case study, using a large data set from over 53,000 taxis in
Beijing, which illustrates the capabilities and effectiveness of
our approach in sensing a city.

There are several avenues for future work. Our approach
just decomposes point intensities into both the regularity and
the disparity, supplying a new tool for different applica-
tions. Therefore, one possible direction is to combine some
application-oriented tasks with our method, such as, finding
time-aware hot spots for the passenger hunter task [18].
In addition, we would like to extend this approach into the
moment mapping task. Our plan is to extend NMF into the
tensor decomposition to allow for such paired data. This paper
only requires the nonnegative constraints in factorizing the
disparity patterns. How to factorize the disparity into more
explainable spatial patterns is also one of interesting directions.
Furthermore, we intend to empirically examine our method on
other type of point data, such as, automatic fair collection data
from the subway.
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